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The realization of high quality ultrashort pulsed beams requires ultrafast time-dependent electron
optics. We present derivations of closed expressions both for the longitudinal and transverse focusing
powers of resonant microwave TM010 cavities. The derived expressions are validated by particle
tracking simulations using realistic cavity ﬁelds. For small ﬁeld amplitudes, in which case the ‘‘weak
lens’’ approximation holds, the focusing powers obtained from simulations are in good agreement with
the derived expressions. Furthermore, the required phase and temperature stability for synchronization
of electron bunches generated by femtosecond photoemission are discussed.
& 2012 Elsevier B.V. All rights reserved.
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1. Introduction
Electron microscopes have pushed spatial resolutions down to
the sub-Å level, making it possible to resolve and even identify
individual atoms [1]. High resolution electron microscopy is,
however, restricted almost exclusively to the study of equilibrium
structures, since the timescales associated with the motion of
individual atoms can be as short as 100 fs, i.e. many orders of
magnitude faster than typical electron microscopy exposure
times. The challenge ahead is to resolve this atomic motion, both
in time and space (4D), enabling the study of structural dynamics
of, e.g., chemical reactions, phase transitions, and conformational
changes at the most fundamental level.
In recent years, the implementation of femtosecond laser
photoemission to generate ultrashort electron bunches has led
to exciting progress in this direction [2–8]. Technological developments, however, have mainly been focused on ultrafast source
development. The realization of high quality ultrashort pulsed
beams also requires ultrafast time-dependent electron optics to
overcome limitations due to space charge effects [9–12]. Recently,
it has been demonstrated that a TM010 cavity can be used to
compress electron bunches down to sub-100 fs bunch durations
[13,14]. Bunch compression can be regarded as longitudinal
focusing. Clearly, by using a TM010 cavity as a longitudinal
focusing element, it can also serve to manipulate the energy
spread of an electron bunch. Moreover, phase space manipulation
with a TM010 resonant microwave cavity is not restricted to
longitudinal degrees of freedom only. As already studied during
the 1960s and 1970s [15,16], resonant microwave cavities can be
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used as time-dependent lenses – i.e. transverse focusing elements
– as well. Since Scherzer’s theorem [17] does not apply for timedependent optics, cavity lenses can in principle be used for
correction of spherical aberration. In addition, they may also be
used for correction of chromatic aberration [15]. The use of cavity
lenses as correcting elements would require a pulsed electron
beam. This could be accomplished by using another microwave
cavity as a beam chopper.
In this paper, we present derivations of closed expressions both
for the longitudinal and the transverse focusing powers of TM010
cavities, which are valid at relativistic speeds as well. The use of
microwave cavities as electron lenses has been studied extensively
before [15,16]. Here, we present a compact derivation of the most
essential closed expressions for the focusing powers and validate
the applicability and accuracy of the derived equations by particle
tracking simulations using realistic cavity ﬁelds. These expressions
provide valuable insight into the beam dynamics and they are
useful tools for designing beam lines. Synchronization of the
arrival of electron bunches at the desired radio frequency (RF)
phase of the ﬁeld in the cavity is crucial. We discuss the required
phase and temperature stability for synchronization of electron
bunches generated by femtosecond photoemission.

2. Longitudinal and transverse focusing powers – analytical
theory
2.1. Framework and assumptions
In this section, closed expressions are derived both for the
transverse and the longitudinal focusing powers of an electron
bunch passing through a resonant microwave cavity oscillating in
the TM010 mode. For this rotationally symmetric mode, we
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describe the electromagnetic ﬁeld in cylindrical coordinates (r,j,z).
As derived in the Appendix, for a rotationally symmetric mode, the
!!
! !
oscillating electric ﬁeld E ð r ,tÞ  E 0 ð r Þ cosðot þ f0 Þ and mag!!
netic ﬁeld B ð r ,tÞ can be expanded in a power series in r, with
coefﬁcients that only depend on the on-axis electric ﬁeld amplitude E0,z(r¼0,f ¼0,z) E0,z(z)
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where E0  E0,z(z¼0). By dropping the right term between brackets in Eq. (6) and using deﬁnition (7), Dpr becomes

Dpr ﬃ e

r o
E0 dc sinf0
2 g2 vz 2

ð8Þ

The transverse focusing power PT (or the inverse of the
transverse focal length fT) is deﬁned as
ð3Þ

where the electromagnetic ﬁeld oscillates at an angular frequency
o with a phase offset j0. The center of the electron bunch is
traveling along the symmetry axis (r¼0) in the (positive)
z-direction. The radial electron coordinate r and the longitudinal
electron coordinate z are deﬁned in the co-moving frame with
respect to the center of the electron bunch. The time t is deﬁned
such that the center of the electron bunch (r ¼0, z ¼ 0) is at the
center of the cavity (r¼0, z¼0) at t¼0.
To derive the focusing powers, the following assumptions are
made:
(a) The transverse size of the bunch is considered to be sufﬁciently small so that only the ﬁrst order terms need to be
taken into account.
(b) The duration of the bunch is much shorter than the period of
the oscillating electromagnetic ﬁeld in the cavityðz{vz =oÞ.
(c) The positions of the electrons (r, z) with respect to the center
of the bunch are assumed to be constant during passage
through the cavity.
(d) The change in momentum during passage through the cavity
is small, Dpr, Dpz {pz , so the velocity vz of the electron bunch
is approximately constant, implying z ﬃzvz t and r ﬃ r.
Basically, (a) is the usual paraxial approximation and (b) is its
longitudinal equivalent. Analogously, (c) is the usual thin lens
approximation and (d) is the weak lens approximation.
2.2. Transverse focusing power
To determine the transverse focusing power, the change of the
transverse momentum Dpr of an electron passing through the
cavity is calculated, analogous to [18]
Z 1
Z 1
! ! ! !
Dpr ¼ e
ð E þ v  B ÞU e r dt ¼ e
ðEr vz Bj Þ dt
ð4Þ
1

where we have used g ¼(1 (v/c)2)  1/2 ﬃ (1 (vz/c)2)  1/2. For a
cavity oscillating in the TM010 mode, E0,z is an even function of z
therefore the right term between brackets in Eq. (6) cancels out
after integration. Furthermore, an effective cavity length is
deﬁned as


Z 1


z
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Applying assumptions (a) and (d), and using t ¼z/vz, Dpr
becomes
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By partial integration of the ﬁrst term of the integrand and by
using E0,z(0, 7N)¼0, Eq. (5) can be rewritten as
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Combining Eqs. (8) and (9), we ﬁnally arrive at
PT ¼ 

eE0 dc o
sinf0
2me g3 vz 3

ð10Þ

2.3. Longitudinal focusing power
To determine the longitudinal focusing power, the change of
the longitudinal momentum Dpz of an electron passing through
the cavity is calculated
Z 1
Z 1
! ! ! !
Dpz ¼ e
ð E þ v  B ÞU e z dt ¼ e
Ez dt
ð11Þ
1

1

Applying assumptions (a) and (d), and using t ¼(z  z)/vz, we
ﬁnd
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For a cavity oscillating in the TM010 mode, E0,z is an even function
of z therefore the right term between brackets in Eq. (12) does not
contribute. Applying assumptions (b) and (c), Eq. (12) can be
rewritten as


eE d
z
ð13Þ
Dpz ﬃ  0 c o sinf0 þ cosf0
vz
vz
In analogy with the deﬁnition of PT, the longitudinal focusing
power PL (or the inverse of the longitudinal focal length fL) is
deﬁned as
PL ¼

1
1 @Dvz
1 1 @Dpz

¼
fL
vz @ z
vz g3 me @z

ð14Þ

Combining Eqs. (13) and (14), we ﬁnally arrive at
PL ¼

eE0 dc o
sinf0
me g3 vz 3

ð15Þ

It is interesting to note that the transverse focusing power is
simply related to the longitudinal focusing power by a factor
minus one half, PT ¼  PL/2. For non-relativistic speeds, this can be
easily explained. If vz {c, the contribution of the magnetic ﬁeld in
Eq. (4) can be neglected. From the fact that the electric ﬁeld is
divergence free, @Ez =@z ﬃ2@Er =@r, it then directly follows that
PT ¼ PL/2.
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3. Particle tracking simulations
3.1. Simulation settings
Strictly speaking, the closed expressions (10) and (15) derived for
PT and PL only hold in the ‘‘paraxial’’ approximations (a) and (b), the
‘‘thin lens’’ approximation (c), and the ‘‘weak lens’’ approximation
(d). Here, we test the validity of the closed expressions by means of
particle tracking simulations for electron bunch and cavity ﬁeld
parameters, which could be used in an actual electron diffraction
setup. The simulations are performed using the General Particle
Tracer (GPT) code [19]. The exact ﬁelds of the TM010 cavity which is
described in [13,14], are used in the simulations. For this cavity, the
resonant frequency o/2p ¼3 GHz, and the effective cavity length
dc ¼6 mm; its ﬁeld proﬁle is shown in Fig. 1. In the simulations, the
electron bunches entering the cavity have an energy of 100 keV, an
RMS width sr ¼100 mm, and an RMS duration st ¼1 ps. The beam
entering the cavity is perfectly parallel, with zero emittance, and
Coulomb interactions between the electrons are not taken into
account.
3.2. Results and discussion
In Fig. 2, the longitudinal focusing power derived from GPT
simulations is compared with the focusing power predicted by

2

Ez [MV/m]

1.5
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Eq. (15). Simulations have been performed for phase offsets j0
ranging from 0 to 2p and for ﬁeld amplitudes E0 ¼0.5 MV/m
(Fig. 2A) and E0 ¼2 MV/m (Fig. 2B). For a ﬁeld amplitude
E0 ¼0.5 MV/m, the simulated curve of the focusing power is in
good agreement with the theoretical curve. In this case, the
maximal increase in kinetic energy for an electron passing
through the cavity is 3 keV, i.e. 3% of the initial kinetic energy.
For a ﬁeld amplitude E0 ¼2 MV/m, both curves qualitatively still
follow the same trend, but the values of the focusing power
clearly start to deviate and the maximum and minimum in
focusing power have shifted to other values of j0. The deviations
can be explained as follows. For phase offsets 0 o j0 o p/2 and
3p/2o j0 o2p, the cavity induces a net deceleration of the
electron bunch – see Eq. (13) – and the focusing effect becomes
stronger. For phase offsets p/2o j0 o3p/2, the cavity induces a
net acceleration of the electron bunch and the focusing effect
becomes weaker. For a ﬁeld amplitude E0 ¼2 MV/m, the maximal
increase in kinetic energy is 12 keV, i.e. 12% of the initial kinetic
energy. In this case, the ‘‘thin lens’’ and ‘‘weak lens’’ approximations (c) and (d) are no longer strictly valid.
For the transverse focusing power, shown in Fig. 3, similar
observations as for the longitudinal focusing power can be made.
For a ﬁeld amplitude E0 ¼0.5 MV/m (Fig. 3A), the simulated and
theoretical curves are in good agreement. For a ﬁeld amplitude
E0 ¼2 MV/m (Fig. 3B), assumptions (c) and (d) are no longer
strictly valid, and the curves show a clear discrepancy.
Figs. 4 and 5 show the longitudinal and transverse focusing
powers, respectively, as a function of ﬁeld amplitude E0 at a ﬁxed
phase offset j0 ¼ p/2. The theoretical curves are in good agreement with the simulated curves. Only for the highest ﬁeld
strengths (E0 ¼4 MV/m) the theoretical and simulated values start
to deviate slightly. As before, for these highest ﬁeld strengths,
assumptions (c) and (d) are no longer strictly valid.

4. Practical realization

1

Until now, we have discussed theoretical aspects of using a
TM010 cavity as a lens element in an electron microscope. In this
section, some practical aspects are discussed.

0.5

4.1. Applications
0
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Fig. 1. The TM010 ﬁeld proﬁle used in the simulations. For this ﬁeld proﬁle, the
effective cavity length dc ¼6 mm.

A TM010 cavity can serve as a transverse focusing element with
the unique property that it can both have a convergent and a
divergent effect, whereas a conventional lens formed by either an
electrostatic or a magnetostatic ﬁeld that is rotationally symmetric, can only have a convergent net effect [15]. In addition, it
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Fig. 2. Longitudinal focusing power (PL) versus phase offset (u0) for ﬁeld amplitudes E0 ¼0.5 MV/m (A) and E0 ¼ 2 MV/m (B). The theoretical values are indicated by the red
solid curve and the simulated values by blue dots. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this
article.)
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Fig. 3. Transverse focusing power (PT) versus phase offset (u0) for ﬁeld amplitudes E0 ¼0.5 MV/m (A) and E0 ¼2 MV/m (B). The theoretical values are indicated by the red
solid curve and the simulated values by blue dots. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this
article.)

12

10

PL [m-1]

8

6

4

2

0

0

1

2
E0 [MV/m]

3

4

Fig. 4. Longitudinal focusing power (PL) versus ﬁeld amplitude (E0) for a ﬁxed
phase offset u0 ¼ p/2. The theoretical values are indicated by the red solid curve
and the simulated values by blue dots. (For interpretation of the references to
color in this ﬁgure caption, the reader is referred to the web version of this article.)
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may be used as a longitudinal focusing element which gives
control over the duration and energy distribution of an electron
bunch. The cavity could in principle also be used for (additional)
acceleration of an electron bunch.
Moreover, as stated by Scherzer’s theorem [17], a conventional
static lens with a rotationally symmetric ﬁeld always has a
positive coefﬁcient of spherical aberration. For time-dependent
electromagnetic ﬁelds, this restriction is lifted. By making use of
the change in ﬁeld direction while the electron bunch is in the
cavity, it is possible to correct both spherical and chromatic
aberrations [15].
In the economic and energy efﬁcient TM010 cavity developed in
our group [13,14] for ultrafast electron diffraction experiments, a
ﬁeld amplitude E0 ¼2 MV/m is obtained for 43 W of RF power. In
combination with an effective cavity length dc ¼6 mm, this
corresponds to (DU)max ¼eE0dc ¼12 keV. For electrons with a
kinetic energy U¼100 keV and in case of optimal bunch compression (f0 ¼ p/2), this cavity has a theoretical longitudinal focusing
power PL ¼5.2 m  1 (i.e. fL ¼0.2 m) and a transverse focusing
power PT ¼ 2.6 m  1 (i.e. fT ¼ 0.4 m). With an RF power of
1 kW, a ﬁeld amplitude E0 ¼9.7 MV/m can be achieved, which
leads to theoretical focusing powers PL ¼26 m  1 (i.e. fL ¼0.04 m)
and PT ¼ 13 m  1 (i.e. fT ¼  0.08 m).
It is instructive to compare the focusing power of a TM010
cavity with the focusing power of a conventional solenoidal
magnetic lens, which is given by
e2

R1

0 2
1 Bz ð0,z Þ dz
4g2 me 2 vz 2

-1

Psolenoid ¼

-2

Comparing Eq. (16) with Eqs. (10) and (15), it is interesting to
note that the focusing power of the cavity scales linearly with the
electric ﬁeld amplitude, whereas the focusing power of the
solenoid scales quadratically with the magnetic ﬁeld amplitude.
The dependence on longitudinal momentum of the electrons is
given by P (gvz)  3 pz 3 for the cavity and P  (gvz)  2  pz 2for
the solenoid.
A coil with Nw windings and radius R, carrying a current Iw, can
be modeled by a single current loop with a similar radius and
carrying a current I¼NwIw. In this case, Eq. (16) becomes
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Fig. 5. Transverse focusing power (PL) versus ﬁeld amplitude (E0) for a ﬁxed phase
offset u0 ¼ p/2. The theoretical values are indicated by the red solid curve and the
simulated values by blue dots. (For interpretation of the references to color in this
ﬁgure caption, the reader is referred to the web version of this article.)

Psolenoid ¼

3p e2 m0 2 I2
128 Rg2 me 2 vz 2

ð16Þ

ð17Þ

For electrons with U ¼100 keV, to achieve a focusing power of
Psolenoid ¼2.6 m  1, equivalent to the transverse focusing power of
the TM010 cavity described above, a solenoid is required with, e.g.,
R¼5 cm and I¼ NwIw ¼1.2 kA.
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4.2. Emittance and space charge

4.3. Synchronization and phase stability requirements

The minimum bunch dimensions that can be obtained using a
microwave cavity (or any other type of lens) will be limited due to
their emittance and space charge forces. A detailed discussion of
emittance and space charge is beyond the scope of this paper.
Here, we present simple estimates to determine what minimum
bunch dimensions can be achieved for realistic bunch parameters
in an ultrafast electron diffraction experiment. More accurate
numbers can be obtained using semi-analytical approaches
[9–12] or particle tracking simulations [19].
In the absence of space charge forces, the focal spot size is
determined by the emittance of the beam and the focusing angle.
The emittance ex is a measure for the focusability of the beam and
thereby a measure of the beam quality [20]. The smaller the
emittance becomes, the tighter is the focus that can be obtained.
The normalized emittance is a Lorentz invariant measure of the
focusability and is deﬁned as en,x ¼ gbex. From Eqs. (8) and (10) we
can derive that Dpr ¼  pzPTr and from Eqs. (13) and (15) we can
derive that Dpz ¼  g2pzPLz. Given the normalized RMS emittances
en,x and en,z and the initial RMS bunch dimensions sx,i and sz,i, we
can determine the focal spot sizes sx,0 and sz,0 as a function of the
focusing power

It is essential to have an accurate control over the phase of the
ﬁeld in the cavity. If a femtosecond laser is used in an ultrafast
experiment for photoemission of electrons and/or for excitation of
a sample in a pump-probe experiment, the RF source which drives
the cavity needs to be synchronized with the laser. The application of a TM010 cavity in ultrafast time-resolved experiments puts
some stringent requirements on the phase stability of the synchronization. Phase jitter in the RF signal that is used to drive the
cavity and drift of the resonant frequency due to temperature
changes in the cavity lead to changes in arrival time of the
electron bunches with respect to the laser pulses. Both jitter
and drift need to be sufﬁciently small.
In case of optimal compression (f0 ¼ p/2), a relation between
longitudinal momentum ﬂuctuations Dpz and phase ﬂuctuations
Dj0 can be derived from Eq. (13)

sx,0 ﬃ

en,x
gbsx,i PT

ð18Þ

sz,0 ﬃ

en,z
g3 bsz,i PL

ð19Þ

For a 100 keV electron bunch with en,x ¼ en,z ¼20 nm rad [13] and
sx,i ¼ sz,i ¼1 mm, the achievable focal spot sizes are sx,0  6 mm for
PT ¼5 m  1 and sz,0  4 mm for PL ¼5 m  1.
To estimate the bunch charges for which space charge effects
become dominant, we can consider the average potential energy
per particle due to space charge forces of a uniformly ﬁlled sphere
with radius R and with N electrons, given by [13]
oU p,disk 4 ¼

3Ne2
20pE0 R

ð20Þ

where E0 is the permittivity of vacuum. The average change in
kinetic energy of a particle after passing through the cavity is
approximately
o DEk 4 T ¼

o Dpx 2 4
ﬃ UP T 2 sx,i 2
2m

o Dpz 2 4
ﬃ g4 UP L 2 sz,i 2
o DEk 4 L ¼
2m

ð21Þ

ð22Þ

20pE0 R
o DEk 4
3e2

ð23Þ

For a 100 keV electron bunch with sx,i ¼ sz,i ¼1 mm which is
focused to a sphere with R  5 mm, we ﬁnd that the change in
kinetic energy and the potential energy of the bunch become
comparable for N  104 in case of a focusing power of P¼5 m  1.
For the given conditions, we can conclude from this rough
estimate that bunches with N o104 are mainly limited in focusability by their emittance, while bunches with N 4104 are mainly
limited by space charge effects.

eE0 dc
Df0
vz

ð24Þ

A distance L behind the cavity, these phase ﬂuctuations would
lead to arrival time ﬂuctuations Dt of
 
L
Dvz
Dpz
PL
Dt ¼ D
¼ L Df0
ð25Þ
ﬃ L 2 ¼ L
vz
o
vz
me g3 vz 2
The relation between phase ﬂuctuations and frequency ﬂuctuations Do is given by


Do
Do
f0 ¼ arctan 2Q
ð26Þ
ﬃ 2Q

o

o

where Q is the unloaded quality factor of the cavity. For a 3 GHz
TM010 cavity, typically Q 104. When L¼fL ¼ 1/PL, the following
simple expression is obtained

Dt ﬃ

2Q Do

o2

ð27Þ

Using Eq. (27), we can derive stability requirements for the
synchronization. For a cavity with Q¼ 104 and o/2p ¼3 GHz, the
arrival time ﬂuctuations are Dt ﬃ (Do/o)  10  6 s. If the requirement is Dt o10 fs, this implies Do/o o10  8. For phase jitter
within the frequency range of 0.05 Hz–100 kHz, this requirement
can be achieved using a synchronization system developed in our
group [21].
Temperature changes cause expansion or contraction of a
cavity, leading to shifts of the resonant frequency. For a pillbox
cavity, the frequency shift is given by [22]

Do

o

By comparing the potential energy with the change in kinetic
energy, we obtain a rough estimate for the number of particles at
which space charge effects become dominant
N

Dpz ﬃ

¼ kT DT

ð28Þ

where kT is the thermal expansion coefﬁcient, which is
kT ¼1.64  10  5 K  1 for copper [23]. The requirement Do/
o o10  8 is for a copper cavity equivalent to the requirement
that DTo0.6 mK. A temperature stability of DTo1 mK has been
achieved in our lab for cavities with a power of 35 W through
insulating the cavity and using a temperature control system.

5. Conclusions
Elementary closed expressions have been derived for the transverse and the longitudinal focusing powers of a TM010 microwave
cavity. The applicability and accuracy of the derived equations have
been validated by particle tracking simulations using realistic cavity
ﬁelds. For small ﬁeld amplitudes, in which case the ‘‘weak lens’’
approximation (given in Section 2.1) holds, the focusing powers
obtained from simulations are in good agreement with the derived
expressions. For larger ﬁeld amplitudes, when the weak lens
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assumption is not strictly valid anymore, clear discrepancies
between the results from the theoretical expressions and simulations are observed. The derived expressions provide valuable
insight into the beam dynamics and they are useful tools for
designing beam lines.

proﬁle E0,z(z) and its derivatives
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Appendix. Resonant cavity – ﬁeld expansion
A resonant cavity oscillating in a transverse magnetic (TM0nm)
mode sustains an electric ﬁeld
!!
! !
E ð r ,tÞ ¼ E 0 ð r Þ cosðot þ f0 Þ

ðA:1Þ

oscillating at an angular frequencyo with a phase offset j0. The
!
!
!
electric ﬁeld is cylindrically symmetric: E ¼ Er e r þEz e z . From
Maxwell’s equations, it then follows that the magnetic ﬁeld only
!
!
has an azimuthal component, B ¼ Bj e j . Both Er and Bf are fully
determined by Ez
Z
1 r 0 @Ez 0
dr
Er ¼ 
r
ðA:2Þ
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1
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r0
v

@Ez 0
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@t

ðA:3Þ

Because of the cylindrical symmetry, the amplitude of Ez can
be expressed as
E0,z ðr,zÞ ¼

1
X

r 2n a2n ðzÞ

ðA:4Þ

n¼0

where a0(z)¼E0,z(r ¼0, j ¼0,z) is the amplitude of the on-axis
longitudinal electric ﬁeld. Using the fact that E0,z obeys the
Helmholtz equation, the following relation between the coefﬁcients a2n is obtained
(
)
1
@2
o2
þ 2 a2n
ðA:5Þ
a2n þ 2 ðzÞ ¼ 
c
ð2n þ 2Þ2 @z2
By combining Eqs. (A.2–A.5), it is found that the electromagnetic
ﬁeld in the resonant cavity is fully determined by the on-axis ﬁeld
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